Mclaurin [233 marks]

1. [Maximum mark: 19] 26M.1.AHL.TZ3.12
Considery = tan(1 — 37).

(@  Show that % = —3e3? (1+ y2). (4]
Markscheme
METHOD 1
attempt to use the chain rule M1

g—g = sec? (1 — e3m) X (—3e3z) A1A1
Note: Award A7 for sec” (1 — e*) and A1 for —3e*”.

g—g = —3e¥* (1 + tan? (1 — e3””)) Al

= _3e¥(1+y?) 46

METHOD 2
attempt to take arctan on both sides M1
arctan y = 1 — 3

attempt to use implicit differentiation M1

1 dy 3
i do — —3e”” A1A1

Note: Award AT for 1+1y2 % and A1 for —3e7.

[4 marks]

(b) Show that % = —-9,whenz =0. [5]
Markscheme

use of product rule to differentiate —3e3% (1 + y?) M1)



use of implicit differentiation for (1 + 3/?) (M1)

all terms correct Al
L — 963 (1+y?) - 309 (2L )

. _ dy
substitute z = O tofind y or -

y=0 OR g—g = —3 (seen anywhere) (A1)

L
correct substitution into % A1

T = —9(1+0?) —3(0)
d2
o =-9 A

[5 marks]

The function f is defined by f(z) = tan(1 — e3*), where —0.2 < z < 0.2,

(0 Find the Maclaurin series for f(x), up to and including the term in z2. [2]
Markscheme
attempt to use Maclaurin series formula M1)

f(z) =0+ z(=3) + 5 (-9)

f(z) = -3z — 32 A1

[2 marks]
_adz
(d) Hence, or otherwise, find lim M
z—0 z [3]
Markscheme
METHOD 1
use of tan (1 — 63“) = 3z — %aﬁ ... M1)
. tan (17631) . 3z—3 . 9
lim ~ = lim or hm(73 — gm) (A1)
z—0 z—0 z—0
=-3 A1
METHOD 2

use of L'Hopital’s rule M1)



lim

z—0

z z—0 1 z—0

tan (1—e®) — lim sec? (1—e%) x (—3e%) (: 11H1< (l+y2)><1(—3e31') )) "

Note: This A7 line may be seen in part (b).

METHOD 3 (may be seen after part (e))

. . tan (1—e3”) . 1
lim 220 M1)(A1
recognize lim lm =5 (M1)(A1)
=-3 A1
[3 marks]

The answer to part (c) is equal to the first two non-zero terms in the series expansion of szm' wherea, b € Q.

(e) Find the value of a and the value of b.
Markscheme

METHOD 1

use of Maclaurin series or extension of binomial theorem, n € Q to expand (a + bar:)71 Mm1)

9(@) = 57 (590 = 5) OR F(1+(-1)(ga) +--)

2|8

— Lz M
Note: Award M1A0 for one correct term.

comparing coefficients of  or x? M1)

S
I
|

Al

ol

Al

S
Il
o=

METHOD 2

recognition of infinite geometric series OR attempt to find common ratio m1)

9 2
2%

r= -3z

common ratior = %:c Al



substitutingu; = —3zandr = %x into S, formula (and equating to —%—) M1)

a+bx
S —3z (: T )
0 17%73 7%+%x

Al

Q

Il

|
ol

Al

S
Il
)=

[5 marks]

[Maximum mark: 7]

The first four terms of the Maclaurin series expansion of (1 — :c)74 are
1+ az + bx? + 2023, a,b € Z™.
(ai)  Showthata = 4.

Markscheme

METHOD 1

fllm)=41-2)"° M
substitution of z = 0 into derivative M1
4(1-0)"° OR f'(0) =4

a=4 AG

Note: Do not award M1 for 1 + 4z seen without clear evidence of a substitution.

METHOD 2

attempt to create binomial expansion to at least two terms M1

(e (o)

correct expansion

25N.1.AHL.TZ1.5

(2]



Note: Do not award A7 for 1 + 4x seen without clear evidence of correct working.

[2 marks]

(a.ii)  Find the value of b. [3]
Markscheme

METHOD 1
F(z) = (=5) x ()1 —2)° x (=1),200—2)° @

(f"(0)=)20 (@41

20

2!

b=10 Al

METHOD 2

(=4)(=5)

2!

(—z)* (may be seen in their expansionin (i) (A1)
F )

b=10 A1

[3 marks]

A car was purchased four years ago. The car depreciated in value by 10% each year. The value of the car today is
$1000.

(b) Using the results of part (a), estimate the value of the car four years ago. [2]
Markscheme

attempt to substitute 0. 1 into the expansion (M1)
1.52
1520 (dollars) A1

[2 marks]

[Maximum mark: 18] 25N.1.AHL.TZ1.10



Consider the expression where |z| < 1.

_1
1422’

(@a.)  Show that the first four terms in the binomial expansion of ﬁ arel — z2 4 2% — . [3]
Markscheme
attempt to create binomial expansion to four terms withn = —1 M1)

1+ (11) 2%+ (;) (22)® + (31) (z2)° + ...

1— 22+ (*1)2(*2) (x2)2 + (*1)(*62)(*3) (m2)3 A1A1

Note: Award AT for the third term and A7 for the fourth term.

1— 2?4+ z* —2b AG
[3 marks]
(a.ii)  Hence, find an approximation for f 1+%dac up to and including the term in . [2]

Markscheme

1,3, 1.5 1.7
r— gz’ + ¢z’ — <z’ (+0) A2
Note: Award A1A0 for any three correct terms.
[2 marks]

1
Vi—z?'

Now consider the expression where |z| < 1.

(b.i)  Expand \/117_907 up to and including the term in z4. [4]

Markscheme

attempt to create binomial expansion the term in 24 with n = —% (M1)

1+ Cﬁ)xz + (_j> (z%)% + -

3

1-1(-a?) + #(_ﬁf A1)(AT)

Note: Award (A1) for the first two terms and (A1) for the third term.



1+ 122+ %m4 A1

[4 marks]
(b.ii)  Hence, find a polynomial expression for f \/ﬁ dz up to and including the term in z°. [1]
Markscheme

T+ god+ Hab (+C) M

[1 mark]

25

1
48 :

The expression =2 + Tkso where k € 7™, can be used to approximate arcsin 5

(c) Use the result from part (b)(ii) to find the value of k. [4]

Markscheme

arcsin x = f \/% (seen anywhere) (A1)

attempt to substitute z = % into their antiderivative m1)
01 .\ 1 1/.1\3 3 (1\5 1 1 3
(arcsin 5 ~) 3+ 5(3) +35(3) s+t + o AT

k = 3 (accept % + %80) A1

[4 marks]
(d) Hence, find an approximation for min the form 6%0 wherep € Z™. [4]
Markscheme
arcsin (%) = % (seen anywhere) (A1)
equating their value of arcsin (%) to their expression from (c) m1)

T 25 3 ~ 25 3
TG T s TR 6 X (48 + 1280)

~ 25 18 4000 18
T~ + 12807 1280 + 1280 (A1)

R % (acceptp = 2009) A1

Note: Condone use of “="instead of “~".



[4 marks]

[Maximum mark: 19] 25M.1.AHL.TZ1.12
Consider the family of functions f,,(z) = cos™ z, wherex € Randn € N.

(a) By writing cos™ z as cos™ ! x cos z, show that

Jeos"zdz=cos" zsinz+ (n—1) fcos" 2z dz— (n—1) [cos"z dzforn>1
(4]

Markscheme

attempt to use integration by parts on f,,(z) = cos™ ! z cos x M1

w=cos" !z, g—; =cos T
du 1 n—2 : — a
& =—(n—1)cos" ?zsinz,v=sinz

[fo(z)dz=cos" 1 zsinz+ [(n—1)cos" 2zsin?zdz  AIAl

Note: A7 for each term with correct signs

=cos" lzsinz+ (n—1) fcos" 2z(l—cos’z)dz A1

=cos"lzsinz+ (n—1) fcos" 2zdz—(n—1) [cos"zdz A6

[4 marks]

(b) Hence, show that ffn(w) dz = %cos"_1 xsin x + "n;l ffnfz(x) d zforn > 1. [2]
Markscheme
attempt to rearrange the equation given in part (a) to collect terms in ffn(:c) d zor fcos” rdzx m1

[fal@)dz+ (n—1) [ fa(z)dz=cos" 'zsinz+ (n—1) [ fr2(z)dz OR
feos"zdz+ (n—1) fcos"zdz=cos" 'zsinz+ (n—1)fcos" *zdz

nffa(@)dz=cos" 'zsinz+ (n—1) [ frz(z)dz OR
nfcos"zdz=cos" zsinz+(n—1)[cos"2zdz Al

[fa(@)daz=Lcos"Lasinz+ 2L [f, o(z)dz A6

[2 marks]



() Hence, find an expression for f cos? z d x, giving your answer in the form

3

p cos’ T sin x + q cos z sin x + rz + cwherep, ¢, 7 € Q.

Markscheme

attempt to use equation from part (a) to reduce the power of cos x m1)

fcos4mdm:%cos3msinm+%fc052a:dm

EITHER

attempt to use equation from part (a) again to reduce the power of cos «

fcos4xd:c:%cos?’:csinx—i—%(%coswsinw—i—%fld:c) (A1)

OR

2

attempt to use double angle formula to rewrite cos” x in terms of cos 2z

fcos4mdx=%cos:‘a:sinac—i—%f(%)dac (A1)
THEN

1 3 : 3 . 3

qcos’ xsinz + gcoszsinx + g +¢ Al

[4 marks]

The region R is enclosed by the graph of y = cos? z and the z-axis where —
following diagram.

M1)

(M1)

|3 A

,as shown in the

(4]



The region R is rotated by 2m radians around the x-axis to form a solid of revolution.

(d) Find the volume of the solid. [4]

Markscheme

2
attempt to use the formula for volume of revolution using nand (cos? ) m1)

volume = fn(cos2 x)2 dx

ol =

volume = [ m(cos® :z:)2 d =z OR 2f2n(cos2 m)2 dz (A1)
0

n
-2

Note: Condone omission d x for the A1.

attempt to substitute correct limits into their (c) and subtract M1)

1 3 . T 3 T . T 3 T 1 3 b . n 3 T[ . T 3 s
n(zcos Zsin 5 + 5 COS 5sin 5 + g(g)) — n(zcos (—7) sm(— 5) + 5 COs (—7) sin (—5> + % (—5>)
3
=5 A

Note: FTmarks may be awarded for a final answer of rn? based on non-zero values of p, g and 7.

[4 marks]

(ei)  Find the Maclaurin series of f,,(z) up to the term in z2. [3]
Markscheme

METHOD 1

attempt to raise Maclaurin expansion for cos « to the power of n (M1)
2 n
fulz) = (cos z)" = (1 Y )

=1-"+... A

METHOD 2
attempt to differentiate f,(z) twice  (M1)
ful(z) = —n cos™ ! z sin x, fu(z) = —ncos” x +n(n —1)cos” 2 zsin®z Al

fn(0) =1, fur(0) =0, fu1(0) = —n



(e.

falz) =1- ”Tg”z+

[3 marks]

Al

(z)-1

i) Hence or otherwise, find lim Z2Z~L in terms of .
z—0 z

Markscheme

METHOD 1

attempt to use Maclaurin expansion for f,,(x) (mM1)

’7212

lim f"(:# = lim —2—

(_ lim (—% + powers of x))

z—0 z—0 z z—0
=—3 A1
METHOD 2
SIA el . " (z)—1
attempt to use I'Hopital’s rule twice on % mM1)
€T
. 0 ()1 L el oo . _ -2 0 in? oo n
lim < z(;r:) — Jjm =ncos - zsinz _ Jim n(n—1) cos z2sm z—n cos" T
z—0 z—0 z—0
=—%5 A1

Note: Do not award FT marks for an expression that does not involve n.

[2 marks]

[Maximum mark: 17]

A curve is given by the equation y =

(a)

By applying I'Hopital’s rule or otherwise, show that lim (zz:—ﬁ) =1
T—00

Markscheme

EITHER

attempt to use I'Hopital’s

e 1

e¥41’

z € R

[2]

24N.1.AHL.TZ0.11

[2]



attempt to divide each term by e2*  (M1)

Jim (1) = Jm ()
THEN
=1 AG
[2 marks]
(bi)  Show that g—g = (e‘iﬁ)z . 3]
Markscheme
attempt to use quotient rule or product rule m1

dy (e?*+1)2e% — (e2*—1)2e?"

= e A1A1

Note: Award AT for first term in numerator, A7 for second term in numerator. If denominator is incorrect
award A140.

46225
= o A6
[3 marks]
(bii)  Hence, show that 1 — y* = 4%, 2

Markscheme

attempt to substitute for y and express as a single fraction m1

Loy =1

= % or equivalent (A1)

_ e +2e2 41— (e —2e* +1) 2020 %9 1
(e +1)* (e¥+1)

=@ X

[3 marks]

(ci) By using implicit differentiation and the result in part (b)(ii), show that 3—3’2’ =213 — 2y. 3]



Markscheme

attempt to use implicit differentiation M1
Ly ) _gyde g
dz? Yz

= —2y(1 — y2) A1

=243 — 2y AG
[3 marks]

(cii)  Hence, find an expression for g—:fé in terms of y. [2]
Markscheme

(=) @-2g
= (Gy2 — 2) (1 — yz) (: 8y? — 6y* — 2) A1

[2 marks]

(d) By using your results from parts (b) and (c), find the Maclaurin series for EZ;} up to and
including the term in z3. [4]

Markscheme

attempt to evaluate at least three of y, y/, y/, y! atx = 0 (m1)

y(0) =0,y/(0) = 1,y17(0) = 0, ym(0) = -2 A1

attempt to use Maclaurin series y ~ y(0) + y/(0)z + %332 + yl’é}#w:‘—k. oM
y~ 0+ 1z + 022 + Shad4. .

ymw—%—l—... Al

[4 marks]

[Maximum mark: 7] 24M.1.AHL.TZ1.8
(@) Find the first two non-zero terms in the Maclaurin series of

(@i) sin (a:2); [2]

Markscheme



sin(:c2):x2f%+...(:xzf%—6+...) A1A1

Note: Award AT for each term.

[2 marks]
i) sin? (xQ)
Markscheme

METHOD 1

attempt to square their series for sin (x?) M1)

(sin (3:2))2 = <x2 — é—f —|—...)2

2
Note: Award Mofor (2)° — () + ...

o8

Note: Award A7 for each term.

METHOD 2

1—cos (222
attempt to use the identity sin? (mz) = w (M1)

sin? (:1:2) = %<1 — (1 — (2;) + (22!) ))

—ot - (= T ) A

Note: Award A7 for each term.

[3 marks]



(b) Hence, or otherwise, find the first two non-zero terms in the Maclaurin series of

4z sin (2%) cos (z?). [2]
Markscheme
METHOD 1
recognition that 4z sin (:1:2) cos (w2) = w M1)
=423 - 8L
METHOD 2

recognition that 4z sin (mz) cos (a:Z) = 2z sin (2m2) (M1)

23
= 2m(2m2 — (2;) + )

:4$3—BT$7+... A1

METHOD 3
4z sin (mQ) cos (z2)

—ta(a? -+ )(1-%+.) @

=da? -2 4 om
METHOD 4

s 2
recognition that 2z cos (ac2) = w m1)

4z sin (mQ) cos (z2)

:2<m2—§—f+...)(2m—62—z,5+...)

=4 -2 . om
[2 marks]
[Maximum mark: 20] 24M.1.AHL.TZ2.12

@  Letf(z)=(1- aw)fé,where ar <1, a#0.



The n'™ derivative of f(z) is denoted by f ™) (z), n € Z*.

a"(2n—1)!(1—azx 72&}1 [8]
R e

Prove by induction that f (™ (z) =

Markscheme
n=1:LHS=[0(c) =~} x ~a(1 ~az) (= $(1-ax) ) w1

3
RHS = W therefore true forn = 1 R1

assume (that the result is) true forn = k M1

Note: Do not award M7 for statements such as“let n = k” or“assume that n = k is true”. The assumption of
truth must be clear.

ak B oz (2k+1)
F®(z) = SO T

attempt to differentiate the right-hand side with respectto « : m1

FED(z) = £ (F®(2))

2k+1
—(2k+1)x—a % a*(2k—1)!(1—az) " 2"

= 2 221 (k—1)!

(or equivalent) Al

attempt to multiply top and bottom by 2k M1

2k+1 k(9K —1)1(1— 52
_ (2k+1) « & ( )!(1—az) « 2k
- T2 2%-1(k—1)! 2k

2k+3
a1 (2k+1)(1—az) 2

92k+1 (k)' A 1

hence if the result is true for n = kthenitis true forn = k + 1 and asitis true forn = 1 itis true for all
nez’ R1

Note: To obtain the final R7, at least five of the previous marks must have been awarded.

[8 marks]

ol

(b) By using part (a) or otherwise, show that the Maclaurin series for f(z) = (1 — az) ™2 upto

and including the 22 term is 1 + %am + %a2m2. [2]

Markscheme



(o]

(d)

f(@) = £(0) + zf1(0) + Z f1(0) + ...

£0) =1, $1(0) = &, f(0) = % ay
fx) =14 gaz+ 2a®z> +... 46

[2 marks]

Hence, show that (1 — 2x)7%(1 - 4x)7% ~ w.

Markscheme

attempt to use a = 2 or a = 4 in the expansion

ol

(1—2z)"

o]

(1—4z)

Note: Award AT for at least one correct.

attempt to multiply their two expansions together

m1

=142 e’ (1 gy 32400

1442 4 2480 (21 4 9p 4627 +..) AT

m1

(I+z+3z2+..)Q1+2c+62+...) =142z + 62>+ =+ 222 + 3% +...

2 2 2
1432+ %JQ +... OR 24+4z+12x +2§+4z +3z2+. .. A

(1-2z) 7(1—4z) 7 ~ 2t6ola® 46

[4 marks]

Given that the series expansion for (1 — az)

L1

2 is convergent for |az| < 1, state the restriction
1
7

which must be placed on z for the approximation (1 — 2z) (1 — 4z) 7 ~ 246201927 14 pe

valid.
Markscheme

lz| < A1

[1 mark]

(e)

L

Usex = 10

to determine an approximate value for V3.

(4]

(1



Give your answer in the form 5, wherec, d € Z*. [5]

Markscheme

246241922 | __ 240.640.19 (_ 279 :
( 5 ) = = (— 2—00) (or equivalent) A1

o=

1
attempt to substitute = 15 into (1 — 2z) "2 (1 — 4z)~® M1)

/N

(1- 2ac)7%(1 — 43:)7% :) 1708 (orequivalent) A1

% = % (or equivalent in terms of 1/3) Al

A 219

V3 = 500

~ 500

V3x 38 om

[5 marks]
[Maximum mark: 21] 23N.1.AHL.TZ1.11
Consider the function f(z) = e°* 2z \where f% <z< %.
(a) Find the coordinates of the points on the curve y = f(z) where the gradient is zero. [5]

Markscheme

attempt to use chain rule to find f/(:z:) M1)

fi(z) = (=2 sin 2z)e“?*(= 0) A1

= sin 22 =0 m1)

2¢ =0,m, 2m, ...

sz,%,n, A1

Coordinates are (0, e), (%, %), (m,e) A1

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1. For extra coordinate pairs award
(M1)A1(MT)A1A0.

[5 marks]

(b) Using the second derivative at each point found in part (a), show that the curve y = f(z) has
two local maximum points and one local minimum point. [4]



Markscheme

attempt to differentiate f/(x) using product rule M1)
fr(z) = (—2 sin 2z)(—2 sin 2z)e®*?* — (4 cos 2z)e®s?* A1
atz =0, fr(z) = —4e < 0 so maximum AND

atz =mn, f11(x) = —4e < 0so maximum R1

atx = %, fr(z) = % > (0 so minimum R1

Note: The values for the second derivative must be correct in order to award the R marks.

[4 marks]

(c) Sketch the curve of y = f(z) for 0 < x < m, taking into consideration the relative values of the

second derivative found in part (b). [3]
Markscheme
v
e
1
€
T T x
Tt T
2
A1A1A1

Note: Award AT for general shape, A1 for correct maxima (0, €), (1, €) and minimum point (%, %) and A1

for showing a higher rate of change of gradient at maxima and a lower rate of change of gradient at the
minimum point.

[3 marks]



(di)  Find the Maclaurin series for cos 2z, up to and including the term in z*.

Markscheme
2 4
cos2x =1 — (2;) + (2‘3) + ... M1)
cos2x:1—2z2+23£... A1
[2 marks]

4

C052171 . . .
, up to and including the term in x*.

(d.ii)  Hence, find the Maclaurin series for e
Markscheme

METHOD 1
S PR SR S
e = X ) 6 o

attempt to substitute series for cos 2z — linto series for e” (M1)

Note: Award (MO) for substituting the Maclaurin series for cos 2z into the Maclaurin series for e”.

72z2+£ ’
ecos 2z—1 :1_1_(_21-2_‘_279:4)4-#4— Al

(=1-202+ % 4200+ )

=1-222+ 84+ .
METHOD 2
et0s20-1 672z2+% _ e72xze%

24
3

attempt to find the Maclaurin series for e 27 ORe M1)
e 2" = 1—2z2 +2z2%+...; e% = 1—1—%,%4...

e 2eiet — (1—222 4224+ .. ) (14 22% +..)) Al
=1-222+ 8+ ..

[3 marks]

(d.iii) Hence, write down the Maclaurin series for f(z), up to and including the term in z*.

Markscheme

(2]

3]

(1



(f(m)m)e[1—2z2+%i4+...} (ze—2ea:2+8"T””4—|—...> A1

[1 mark]

(e) Use the first two non-zero terms in the Maclaurin series for f(ac) to show that

1/10
I e @
Markscheme
L e
[ e ¥dz e [ (1 — 2332)dx (M1)
1/10
= [m — 27“”3} Al
0
_ 1 2
= e(l_O - 3000) A1
_ 298
~73000
_ 149
— 1500 AG

Note: If candidate follows through an incorrect expansion from part (d), award a maximum of M1ATFTA0

[3 marks]

[Maximum mark: 21] 23N.1.AHL.TZ2.11

5

€522 where — 3 < x < .

Consider the function f(z) = e

(@) Find the coordinates of the points on the curve y = f(:c) where the gradient is zero. [5]
Markscheme

attempt to use chain rule to find f/(x) (m1)
fi(z) = (—2 sin 2z)e*"* (= 0) Al
=sin 2z =0 M1)
2¢ =0,m, 2m, ...
r=0,%,m, ... A1

20 e

Coordinates are (0, e), <" 1), (m,e) A1

Note: Special case: For two correct coordinate pairs award (M1)A1(M1)A0A1. For extra coordinate pairs award
(M1)A1(MT)A1A0.



[5 marks]

(b) Using the second derivative at each point found in part (a), show that the curve y = f(z) has
two local maximum points and one local minimum point. [4]

Markscheme

attempt to differentiate f/(x) using product rule m1)

fr(z) = (—2 sin 2z)(—2 sin 2z)e®*?* — (4 cos 2z)e™s?* Al

atz =0, fr(z) = —4e < 0so maximum AND

atz =m, f11(x) = —4e < 0so maximum R1

atz = 7, fi(z) =4 > 0sominimum R1

Note: The values for the second derivative must be correct in order to award the R marks.
[4 marks]

(c) Sketch the curve of y = f(ac) for0 < a < m, taking into consideration the relative values of the
second derivative found in part (b). [3]

Markscheme

| —

SRR

ATA1A1



Note: Award AT for general shape, A1 for correct maxima (0, €), (, €) and minimum point (%, %) and A1

for showing a higher rate of change of gradient at maxima and a lower rate of change of gradient at the

minimum point.

[3 marks]

(d.i)  Find the Maclaurin series for cos 2z, up to and including the term in z*.

Markscheme

cosszl—(i;!ﬁ+%ﬁ+... m1)
cos2m:1—2x2—|—23i4... A1

[2 marks]

(dii)  Hence, find the Maclaurin series for e ", up to and including the term in z*

Markscheme

METHOD 1
e =1+z+L +2 + L4
2 6 24

attempt to substitute series for cos 2x — linto series for e” (M1)

[2]

. (3]

Note: Award (MO) for substituting the Maclaurin series for cos 2z into the Maclaurin series for e*.

72z2+£ ’
ecos2zfl :1+<_2w2+%ﬁ)+¥+ A1

(1-2%+ % +220+...)

=1-2z%4 8 4 A1

METHOD 2

4
ecos 2z—1 _ e72z2+2% — e72 e3

224

attempt to find the Maclaurin series for e 2’ ORe’s m1)
9z 2 4 Lot 2 4

e =1-2z"+2z"+...;es =1+ 35z ...

e e = (1-222 4224 +...)(1+ 22 +..)) a

=1-222+% 4., m



[3 marks]

(d.iii) Hence, write down the Maclaurin series for f(z), up to and including the term in x4 [1]
Markscheme
(f(m)m)e[1—2w2+%i4+...} (ze—2ex2+SE’T’”4+...) A1
[1 mark]

(e) Use the first two non-zero terms in the Maclaurin series for f(ac) to show that

1/10
Jo™ e 2da ~ 45 3]

Markscheme

L ) 1 )
[o7 e dr ~e [ (1 - 22%)da (M1)

1/10
—e [x — 27“”3} Al
0

V! 2
= e(l_O - 3000) A1
_ 208e
=3000
_ 149
= 1500 AG

Note: If candidate follows through an incorrect expansion from part (d), award a maximum of M1ATFTA0

[3 marks]

10. [Maximum mark: 21] 22M.1.AHL.TZ1.12
The function f is defined by f(z) = e* sin z, where z € R.

(a) Find the Maclaurin series for f(z) up to and including the 23 term. [4]
Markscheme
METHOD 1
recognition of both known series M1)

2 . 3 5
ez:1+%+”§—!+...andsmx:acfé—!Jr%Jr...

attempt to multiply the two series up to and including 3 term (M1)



ezsinxz(1+%+§—?+...)(m—%+§—?+...>

:m—g—?—i—ﬁ—{—%—i—... (A1)

e’”sinm:m+m2+%m3+... Al

METHOD 2

f(x) =e"sinz

fi(z) =e®*cosz+e®sinz Al

fr1(z) = e® cos ¢ — e” sin x + e” sin = + e cos = (= 2e” cos z)
fr(z) = 2e* cos x — 2e? sin x

fr(z) = 2e® cos x and fi(z) = 2e*(cos z —sinz) Al
substitute x = 0 into f or its derivatives to obtain Maclaurin series
e’sinz =0+ 7 ><1+£2;-><2+%?—><2+...

e”sinx:x+m2+%m3+... A1

[4 marks]

(b)  Hence, find an approximate value for fol e® sin(z?) d .

Markscheme
e’ sin (2?) =a? + 2t + $28 + ... (A1)
substituting their expression and attempt to integrate M1

fol e sin(:v2) dz~ fol (m2 +xt+ %x(s) dz

Note: Condone absence of limits up to this stage.

(M1)

(4]



[4 marks]

The function gis defined by g(x) = e® cos z, where z € R.

(ci)  Show that g(z) satisfies the equation g/’(z) = 2(g/(z) — g()).

Markscheme

attempt to use product rule at least once m1

gl(z) =e®cosxz —e®sinz Al

g!(z) = e” cos ¢ — e sin x — e sin x — e” cos z(= —2e” sin )
EITHER

2(g/(z) — g(z)) = 2(e® cos z — e” sinz — e” cos ¢) = —2e” sin x
OR

g(z) =2(e®* cosz —e*sinxz —e® cosz) Al

THEN

gl(z) = 2(g/(x) — g(x)) A6

Note: Accept working with each side separately to obtain —2e” sin .

[4 marks]

(cii)  Hence, deduce that g (z) = 2(gm(z) — gn(z)).
Markscheme

giM(z) = 2(gi(z) — g(x)) A1

g (z) = 2(gm(z) — gn(z)) A6

Note: Accept working with each side separately to obtain —4e” cos .

Al

Al

(4]

(1



(e)

[1 mark]

(d) Using the result from part (), find the Maclaurin series for g() up to and including the x4 term.

Markscheme

attempt to substitute £ = 0 into a derivative M1)
9(0)=1, g7(0) =1, gn(0) =0 A1

gm(0) = -2, gW(0)=—-4 @

attempt to substitute into Maclaurin formula m1)

gz)=1+z—F2®—Lat+. .. (=1+z—32°—Lat+..) A1

Note: Do not award any marks for approaches that do not use the part (c) result.

[5 marks]

. . . T — 1 —
Hence, or otherwise, determine the value of lim LOS;#
z—0

Markscheme

METHOD 1

lim e"cosz—l-z __ lim (1+z7%w37%z4+. . .)717z M1
z—0 z z—0 z?

:lim(—i—%m+...) (A1)

z—0 3

Al

|
w|—

Note: Condone the omission of + . . . in their working.

METHOD 2
liII(l) ezcosm+1*m = % indeterminate form, attempt to apply I'Hopital's rule m1
z—

. x e g _ . 1(x)—1
— |im &icosz—e’sinw 1< hmg() )

2 2
z—0 3z z—0 3

0 i A .
= using I'Hopital's rule again

(5]

[3]



11.

— lim =2¢*sinz [ 1im g/(z)
- 6z - 6x

z—0 z—0

= %, using I'Hopital's rule again
— lim —2e” sin :176—2(3z cos T (: lim g/l%(z) ) A1

z—0

1

[3 marks]

[Maximum mark: 14]

(a)

Prove by mathematical induction that dd;n (z%e%) = [22 + 2na + n(n — 1)]e® forn € Z7.

Markscheme

Forn=1

LHS: & (22e?) = 22%e® 4 2ze” (= e (22 + 27)) A1
RHS: (2% + 2(1)z + 1(1 — 1))e® (= e®(a* + 2z)) A1

sotrueforn =1

now assume true forn = k;i.e. f—;(xzez) = [2% + 2kz + k(k — 1)]e” M1

Note: Do not award M1 for statements such as "let n = k". Subsequent marks can still be awarded.

attempt to differentiate the RHS M1

% (z%e®) = L ([2? + 2kz + k(k — 1)]e”)

= (2z + 2k)e” + (2 + 2kz + k(k — 1))e” A
= [22+2(k+ 1)z + k(k+1)]e” A1

sotrue forn = kimpliestrueforn = k+ 1

thereforen = 1trueandn = ktrue = n = k + 1 true

therefore, true foralln € Z+ R1

Note: Award RT only if three of the previous four marks have been awarded

21N.1.AHL.TZ0.11
(7]



[7 marks]

2

(b)  Hence or otherwise, determine the Maclaurin series of f(x) = xz2e® in ascending powers of z,

up to and including the term in zd. [3]
Markscheme
METHOD 1
attempt to use -1 (22e7) = [22 + 2nz + n(n — 1)]e? (M1)

Note: For z = 0, - (mze“”)m:0 = n(n — 1) may be seen.

f(0) =0, fr(0)=0, frn(0)=2, fm0)==6, f@(0)=12

use of f(z) = £(0) + zf1(0) + L= f1r(0) + L f111(0) + L FH(0) + ... 1)
= f(x) %m2—|—m3+%w4 A1

METHOD 2

"22 X Maclaurin series of *' M1)

m2<1+x+2—?+...> (A1)

= f(x) %m2—|—m3+%w4 A1
[3 marks]

(4]

. . . (z2e’”—x2)3
Hence or otherwise, determine the value of hn% — |-
T—

Markscheme
METHOD 1
: 2 2. .3, 1 4. [(a%e—a?)’
attempt to substitute z°e” ~ z* + z° + " into ———— m1
(z"’e”;ﬁ)s ~ (z2+z3+%z49(+‘..)722)3 an

T T

EITHER



(z3+iatt..)°

=TTt A1
€T

_ 2°(+higher order terms)
= 9

T
Spdat(4. )0
(rzea)t

THEN

=1 (+ higher order terms)

z9

2@ 23
so lim [M] =1 A1
z—0

METHOD 2

1im[—(’”2""’”2)3] — lim (z—*z)g M

z—0 ? z—0
. z_1\3
= lim (1) (A1)

z—0

attempt to use L'Hopital's rule m1

. £_0\3
= lim (£52)

3
= [lim ex]
x—0

=1 A1

[4 marks]

12.  [Maximum mark: 20] 21M.1.AHL.TZ1.12
Let f(z) = v/1 + zforz > —1.

(@  Showthat fr(z) = ——=—.
44/ (1+2)° [3]

Markscheme



attempt to use the chain rule M1

file) =4 +2)7  m

wles

fr(z) = —%(1—1—:1;)_ A1
1
= —— AG
4y/(1+2)?
. _ 1 i
Note: Award M1A0A0 for f1(x) = —= Orequivalent seen
[3 marks]
(b)  Use mathematical induction to prove that (™ (z) = (—i)Wl ((2::23))!! (1+ m)%% for
nes, n>2. [9]
Markscheme
letn =2

f”(@‘(—é—)(—%)la—&umﬁ2 m

Note: Award RO for not starting at n = 2. Award subsequent marks as appropriate.

assume true forn = k, (so £ (z) = (7%)#1 ((2::2?’))!! (1+ m)%_k) M1

Note: Do not award M1 for statements such as“let n = k" or“n = ks true”. Subsequent marks can still be
awarded.

considern =k +1

LHS = f(k+1)($) _ d(f(k;(f”)) M1

= (—%)k_l ((2::23))!! (+—k)(1+ :I:)%_k_1 (or equivalent) A1

EITHER



RHS = f*(z) = (7%)16 ((2::11))!! (1+ ar:)%fkf1 (orequivalent) A7

_ k (2k—1)(2k—2)(2k—3)! 1 p
=(-1) Do (L+e)? Al

Note: Award A7 for (2k—1)!  (2k—1)(2k—2)(2k—3)! (: 2(2k71)(2k73)!>

Dl — 1) (F—2)! (=)

k—1 (2k—1)(2k—2)(2k—3)! 1
=(-1)1) “wora (1+2)?

(= (HED T BT a2y

Al

Note: Award A7 for leading coefficient of — %.

OR

Note: The following A marks can be awarded in any order.

= (9 A

- (HEDTERE

)=

Note: Award A7 for isolating (2k — 1) correctly.

_ 1 1\k=1  (2k—1)! 1 k-1

=(-3)-1) moara1+2)? A1

Note: Award A7 for multiplying top and bottom by (k — 1) or 2(k — 1).

k— —1)! 1 g
= (DD et a



Note: Award A7 for leading coefficient of — %.

_ (k+1)=1 (2(k+1)—3)! T-(k+1) _
=(-1) oy (1 + ) = RHS

THEN

since true forn = 2, and true forn = k + 1 if true for n = k, the statementis trueforall,n € Z, n > 2
by mathematical induction R1

Note: To obtain the final R1, at least four of the previous marks must have been awarded.

[9 marks]

( Letg(z)=e™, meQ.
Consider the function h defined by h(z) = f(x) x g(z)forz > —1.
It is given that the 22 term in the Maclaurin series for h(z) has a coefficient of %.

Find the possible values of m. [8]
Markscheme

METHOD 1

h(z) =1+ ze™

using product rule to find h/(z)  (M1)

— ST L ra M 1 maz
hi(z) = v/1+ zme toase A1

memt — —L__eme A1

hi(x :m( 1+ zmem®—1 mx)+ 1
( ) \/ 24/ 14x 4 (1+m)3

2w
substituting z = Ointo ht/(z) M1
m(0) =m?+ tm+im—1(=m?+m-1) m
h(z) = h(0) + zh!(0) + Z-h1(0) + . ..

equating z2 coefficient to % mi



(2m+5)(2m—-3) =0

__5 3
m=—5 orm=s3 A1

METHOD 2
EITHER

attempt to find £(0), f7(0), fr7(0)  (M1)

OR
attempt to apply binomial theorem for rational exponents  (M1)

Ly(=1
:1+%m+7(2)§! Z)mz...

ol

f@)=(1+2)

fl@)=143z— 122 +... A1

THEN

glz) =1+ma+ 222 +... (@)
h(m):(1—|—%x—%m2+...)(1+mm+m72m2+...) M1)
coefficient of z2is 72 + 2 — L g1

attempt to set equal to % and solve M1

NN

£ip-i-
Am2 +4m —15=0 A1
2m+5)(2m—-3)=0

_ _5 3
m=—5orm=j Al



METHOD 3

g/(x) = me™ and g/(z) = m2e™® (A1)
h(z) = h(0) + zh/(0) + 2 h1(0) + ...
equating z” coefficientto £ M1

40— (5 o) = 4)

using product rule to find h/(z) and h/1(z)  (M1)

hi(z) = f(z)g(z) + f1(z)g(x)

hi() = f(2)gh(z) + 2f1(x)gi(x) + fr(z)g(z) A1
substituting = O into h//(z) M1

hir(0) = £(0)grr(0) + 2g/(0) £1(0) + g(0) F1(0)
=lxm’+2mxt+1x(-%) (=m*+m—-%) 41
4m? +4m —15=0 A1

(2m +5)(2m —3) =0

Al

nofeo

m:—%orm:

[8 marks]

13.  [Maximum mark: 8] 21M.2.AHL.TZ2.9
(a) Write down the first three terms of the binomial expansion of (1 + t)’1 in ascending powers of
t. (11

Markscheme

1—t+¢t2 A

Note: Accept 1, — tand t2.

[1 mark]



(b) By using the Maclaurin series for cos « and the result from part (a), show that the Maclaurin

2 4
series for secz up to and including the term in 2% is 1 + =+ 52%.

Markscheme
-1
- (5 ()

sect = =(1 + (—..) m1)

-2 e ( 2! 4
t=cosz—1 orsecz=1— (cosax — 1)+ (cos z — 1)° M1)

1)2 51'4 372 1?4 2

:1_(_T—I_T(_"'))+(_T+T(_"‘)> Al

2 4 4
=1+%5 -5+ A1
so the Maclaurin series for secz up to and including the term in z% is 1 + %2 + % AG
Note: Condone the absence of ...
[4 marks]

(0 By using the Maclaurin series for arctan x and the result from part (b), find 111%(%).
z—
Markscheme
3
arctan2x = 2x — (2? +...
. tan2 . z(2z7@+...)
tim (=) = i e i
2 24

2228l

= lim (%) A1
z—0 ST
e 22 (1)

T 20 %(1-&-%2)
=4 A1

Note: Condone missing ‘lim’'and errors in higher derivatives.
Do not award M1 unless z is replaced by 2z in arctan.

[3 marks]

(4]

(3]



14.  [Maximum mark: 21] SPM.1.AHL.TZ0.12
The function fis defined by f (z) = "2,

(@)  Find the first two derivatives of f (z) and hence find the Maclaurin series for f (z) up to and
including the 2 term. (8]

Markscheme

attempting to use the chain rule to find the first derivative M1

f'(z) = (cosz)es™% A1

attempting to use the product rule to find the second derivative ~ M1

f" (z) = €% (cos? z — sin ) (orequivalent) A7

attempting to find f (0), f (0) and f” (0) M1

£(0) =1; ' (0) = (cos0)es? = 1; " (0) = &0 (cos?0 — sin0) =1 A1
substitution into the Maclaurin formula f (z) = f(0) + zf' (0) + %f” (0)+... M
so the Maclaurin series for f (z) up to and including the 2% termis 1 + = + %2 A1

[8 marks]

(b) Show that the coefficient of z° in the Maclaurin series for f () is zero. [4]
Markscheme

METHOD 1

attempting to differentiate f” (z) M1

f" (z) = (cosz)e™" (cos® z — sinz) — (cosz)e™” (2sinz + 1) (or equivalent) A2
substituting z = 0 into their f"' (z) M1

F70)=1(1-0)—1(0+1)=0

50 the coefficient of 23 in the Maclaurin series for f () is zero 4G

METHOD 2

substituting sin x into the Maclaurin series fore®  (M1)

3

+ Suélz +...

. . in2
SN — 1 4 ging + su%'z



substituting Maclaurin series forsinz M1

SV (et Y

coefficient of z3 is —% + % =0 A1

so the coefficient of 2 in the Maclaurin series for f (z) iszero 4G

[4 marks]

(c) Using the Maclaurin series for arctan « and €3 — 1, find the Maclaurin series for

e3z

arctan ( — 1) up to and including the 2 term. [6]

Markscheme
substituting 3z into the Maclaurin series fore® M1

2 3
e —143p4+ 8L L B gy

substituting (e3”” — 1) into the Maclaurin series for arctanx M1

3T _ 3 e3r_ 5
arctan(e“—l):(ei‘w_l)_( 31) +( 51) _
2 s PR
:(3m+%+—(3§? +...)7< E— ) m

selecting correct terms from above M1

2 3 3
_ <3$+ (321!) + (3;) ) _ (3?

—3p4 % _

[6 marks]

(d) Hence, or otherwise, find i%% 3]
Markscheme
METHOD 1

substitution of their series M1

. w+é+...
hmg—2
z—0 3z+5—+...

Al

o Lh gt
= lim—2—""~
20 35+ ..



Al

w|—=

METHOD 2

use of I'Hopital’s rule ~ M7

. (cosz)esm®
lim ke
=0 ———
14(e37-1)

(or equivalent) A7

Al

w|—=

[3 marks]



